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AKyCTHYHI ()OHOHH.

Jlyami3aM XBWJIb 1 YaCTHHOK, SIK HAMH B)K€ OYyJ0 3a3HAYEHO B MOIMEPEAHIX
JIEKINISAX, BIAHOCUTBLCS 0 uKciia GyHIAMEHTAIBHUX KOHIICMIA Cy4acHOi (hi3UKH.
VY kpucranax € 6araTo MmoJiB, sIKi IPOSBISIOTh 0OM/IBA 111 ACTIEKTH - 1 XBUJILOBUH, 1
KopmycKynsapHuii. KBaHTu eHeprii nux moiiB OTpuUMaiM BiacHy Ha3By. [lomiGHO
J0 TOro, SIK TepMiH «pOTOHH» OIMUCYIOTh KOPIMYCKYJISIPHUW  acIeKT
eJIEKTPOMArHiTHOTO TIOJIA y BaKyymi, TepMiHH <«(pOHOH, MAarHOH, ILIa3MOH,
MOJIIPOH, €KCUTOH 1 TOJISIPUTOH» OMHUCYIOThH AEsIKI KBAaHTOBaH1 MOJSl B KpUCTalax.
doHOHM TOB'A3aHI 3 TPYKHUMU 30YyJKCHHSIMHU, 30KpeMa, aKyCTH4HI (DOHOHU

BIJIMTOBI/IAI0Th 3BUYAHHUM TIPY>KHUM XBUJISIM.

MarHonu - 11e eneMeHTapHl 30y/)KeHHS B CHCTEMI €JIEKTPOHHUX CIIHIB,
MOB'I3aHUX MK CO00I0 OOMIHHHUMH CHJIAMHU.
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Electron gas

ExcuTtoHn - HeWTpaibHI KBa314YaCTUHKH, TOB'A3aHlI 3 TMOJEM JieJIeKTPUYHOI
MoJISIpU3aIlii,

Bikinesist. Excuron - HelTpanbHa KBa3iuaCTUHKA, MOHATTSA HPO SKy BBEIEHO /IS TOrO, 00
OIKCATH TIEPEMIIICHHSI E€JIEKTPOHHOTO 30Yy/DKEHHS OKPEMHX MOJIEKYJ 10 YChOMY KpPHCTAIy.
To6t1o, 1e 30ymKeHU eIeKTPOHHUN CTaH Yy KpHCTalax, SIKHH MOXe MepeMilaTuch y cdepi
OCTaHHBOTO, TICPEHOCSYN EHEPrilo, alle He mepeHocsun 3apsa. Llei cTaH monsrae B yTBOpPEHHI
napu eJIeKTPOH — Jlipka B MOHHOMY ab0 KOBAJICEHTHOMY KPHUCTalli, IIEPEHECCHH] €IEeKTPOHA B
MOJIEKYJI1 Ha BULIMI KBAHTOBHUM PiBEHb Y MOJIEKYJISIPHOMY KPUCTAJII.

@izuyHa MPHUPOJAA. 32 CBOEIO NMPUPOJIOI0 EKCHTOH — 3B'SI3aHUH CTaH ENEeKTPOHa i
JIIpKH, IO MITpye MO KpuUcTany. EKCHTOH Moke OyTH TpEICTaBICHUM SK 3B'A3aHUN CTaH
€JIGKTPOHA MPOBIAHOCTI Ta MIpKH, PO3TAlIOBaHUX a00 B OJHOMY BY3Ji KPHCTAIIYHOI I'PATKH
(excuton ®penkens), abo Ha BiACTaHAX, 3HAYHO OUTBIIMX 3a MiKaTOMHI (CKCHTOH Banbe-
MortTa). B HamiBpoBigHMKAX, 32 paXyHOK BEJIHKOI 1ieJIEKTPUYHOT TPOHUKHOCTI ICHYIOTh TUTBKU
ekcuToHn Banbe-MoTTa, SKi yTBOPIOIOTH BOJHENOAIOHI cepii piBHIB. [IOHATTS eKCHUTOHH
@DpeHKens 3aCTOCOBHI MEPI 32 BCE A0 MOJIEKYIISIPHUX KPHCTAIIB.

[TonsspoHn - 3apsyKeH1 KBa31YaCTUHKH, TOB'A3aHI 3 IOJEM TMOJIsIpU3aliii
(3a3BHyYaiil B I0HHUX KPUCTANIAX).
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Bikinenis. Tlonsspdm — KBa3iyacTHHKA, Y3rOJKEHE pO3MOBCIOMKEHHS EJIEKTPOHHOIO
30y/KeHHS ¥ JIoKaiabHOI aedopmarltii kpucTaniuyHoi rpaTku. Bu3HaueHHS BUKOPUCTOBYETHCS Yy
Gbi3UIl KOHJICHCOBAHMX CEPE/IOBUI JJISI PO3YMIHHS B3a€MOJIl MK €JIEKTPOHAMHM Ta aTOMaMu




TBEPJAOro Tida. SIBMINE NPUBOIUTH [0 3HIDKEHHS PYXJIMBOCTI €JIEKTPOHIB Ta 30UIbIICHHS
e(heKTUBHOI MacH.

®izuyna npupoaa. HeraTuBHO 3apsyDKEHUN €NEKTPOH, PO3MOBCIOKYIOYHCh B KpHUCTAII
NpuUTATaE 10 ce0e MO3UTUBHO 3apsKeHI OCTOBU HOHIB. TakuM YMHOM, €JIEKTPOH OTOuye cebe
XMapkor (OHOHIB, 1 pyXaeTbcs pa3oM 13 HEH. 3BaKAIOUM Ha BEIWKY B TOPIBHSHHI 3
€JIGKTPOHOM 1HEPLIWHICTh 10HHUX OCTOBIB aTOMiB, MOJSIPOH Mae e(hEeKTUBHY Macy, fKa 3HaAYHO
HEepeBHIIyE Macy BUIBHOTO eneKTpoHa. [lodsipoHM BHHHMKAIOTP B 10HHHX KpHUCTadax, SsKi
XapaKTEpU3YIOThCS BEIMKUMHM 3HAYCHHSMHU 3apsiB 10HHHUX OCTOBIB aTOMIB 1 3HAYHOIO
eleKTpoH-(POHOHHOIO B3aeMoji€eto. EdexTpuBHa maca mosisipoHa, HANpUKIA, JUIsl KpUCTaTy
NaCl, 3a ouinkamu Ilekapa nepeBuiye Macy BuIbHOTO enekTpoHa B 140pa3is.

Bci nmepepaxoBani Bullle KBa31YaCTHHKH, KPIM MOJSPOHY, MOBOJATHCSA K O030HH.
KynepiBcbKi €JI€KTpOHHI Tapu, WII0 BBOJATHCA B TeOpii HAAIPOBITHOCTI,
MOBOJISATHCS K OO30HHU.
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KBa3ziyacTuHKH, BIAMOBIHI €JIEKTPOHAM IPH IX B3a€MOJIIT 3 €JIEKTPOHHUM Ta30M Y
MeTaliax, HOBOAATHCA K (DEPMIOHH.

Haiibinpmr  3pyuHuid  crmoci0 MaTreMaTHYHOTO OMHUCY CHCTEM TaKHX
KBa31YaCTMHOK 3aCHOBaHUI, SK YyX€ HEOJHOpPAa30BO 3a3HA4ajocs, Ha METO.l
BTOPMHHOTO KBaHTYBaHHS, TOOTO, TIPYHTYETbCS Ha MOBI KBAaHTyBaHHA
KOPITyCKYJISIpPHO-XBHJILOBUX TOJIB. Lleit Meron, sIKk MU BXXE€ Mald MOXXJIMBICTb
NepeKkoHaTucs, Jyke NPOCTUH SK JJs BUBYEHHS, TaK 1 B KOHKPETHHUX
3aCTOCYBaHHAX. Big3Haummo, M0 PO3MISAHYTI HaMd B MalOyTHIX JIEKIisIX
po0JieMU HEPENATUBICTCHKOI TEOPii MOJIst OyIyTh CIIY>KUTU TOOPOIO 1ITFOCTPALII€I0
OCHOB KBaHTOBOI T€OPIii MoJs.

KBaHTyBaHHs 011 aKyCTHYHMX ()OHOHIB.

Bikinenisi. ®onoén — kBasiuacTUHKAa B KPUCTATIYHOMY TBEPAOMY Tijli, SKa € XBHIIECKO
KOJIMBaHb aTOMIB HABKOJIO iXHIX PIBHOBO)XHHUX IMOJI0KeHb. DOHOHU BiIrparOTh BEIUKY POJIb Y
¢i3umi TBEpAOrO Tijia, OCKIIBKH BEIHMKOI0 MIpOI0 3yMOBIIOIOTH TEIUIONPOBIIHICTh KPUCTAMTIB 1
00OMEXYIOTh €JIEKTPUYHY MPOBITHICTD.

®izuyna npupoaa. I[Ipu ckiHYeHHIA TeMIepaTypi aTOMHU KPHUCTAIIYHOI TPATKU XaOTHIHO
PYXaroThCsl, 3MINIYIOYUCH 13 TIOJIOKEHDb PIBHOBAru. 3MIIIEHUH aTOM IITOBXA€ CYCiIHI aTOMH, Ti,
CBOEI0 4YEpProro, TEX 3MIIIYIOTECA 1 INTOBXAlOTh HACTymHi. B pe3ymprari KpucTaioMm
MOIIUPIOETHCS XBUJIS 3MIIICHB, SIKA HA3UBAETHCS (DOHOHOM.

Ornuc mMoyHeMo 3 MoJielll OHOBUMIPHOTO JIAHITIOXKKA.



PosrnsHemo naHmrokok AoBxkuHE Na  (0IHOBHMIpHWIA KpPHCTAl), YTBOPEHHIA
aTOMaMH OJHOTO COPTY 3 MAacO M, MOB'A3aHUMHU MOMAPHO NPYKHUMHU CUJIAMH 3
KOCQIIIEHTOM JKOPCTKOCTI /3, PIBHOBaXHI ITOJIOXKEHHS SIKHX BH3HAYA€THCS

BEKTOPOM IPATKH N :

n=la, 1=1,2,...N. (1)
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[IpumycTrmMo, 1110 MOMEePEyHi 1 MO30BXKH1 3MIIIEHHS aTOMIB He3ajlexH1. Bennunny
3MILIEHHS N-TO aTOMa 3 MOJIOKEHHS PIBHOBAru MO3HAYUMO U,. Y IOTEHLIaIbHIHI

edeprii U 3cyBiB HEHTpaJbHUX aTOMIB 13 TOJOXXEHHS PIBHOBArd MOXKHA
BpPaxOBYBaTH TUIBKH B3a€MOJIi CyCiqHIX aToMiB (OLIbII CKIIATHUN BUTIAQJO0K Oyjie
PO3IIIAHYTHI HUXYE):

1 2
U :_IBZ(unﬂ_un) ! (2)
2
KineTnana eHeprisi BUpaXaeThCsl 4epe3 MIBUIKOCTI 3CYBY U,

m .
K==>ul. (3)
25
VYBeneMo nukIiyHi yMoBU (YMOBa NEPiOIUYHOCT):
U, = U, na 4)
OnnoBuMipHi# rpartmi (1) BianoBigae 30Ha bpimoena B k - mpocTopi 3 MexKaMu
-nr<kas<rr. (5)

VYcepenuni 11i€i 30HU PO3TAIOBYIOTbCS N HEEKBIBAJICHTHUX XBUJILOBHX BEKTOPIB

, (6)

a, pu=0,x1,..%

N|Z
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Bin 3cyBiB okpemux aromiB U, 3py4yHO mepeiiTh 10 HOBHX y3araJbHEHHX
KOOpAMHAT A , sIKI XapaKTepU3yIOTh KOJEKTUBHUM PyX aTOMIB, IO BiJANOB1IAIOThH
NEeBHUM 3HaYeHHAM K . JI7s IIbOrO BBEAEMO MEPETBOPEHHS



u, :%;Aexp(ikn)_ @)

Ockinbky 3MileHHs U, € N1iCHUMHU BEJIMYMHAMU,

R 1 : 1 x :
u,=u, =—— exp(ikn)=—=— exd —ikn
VN ZKZ'Ak ( ) VN Zk:'Ak F( )
HOBI 3MIHH1 A TIOBHHHI 33JJOBOJILHSTH YMOBI

A=A, (8)

[TincymoByBanHs B (7) BUKOHYETBCS 3a BCiMa 3HAUYEHHSIMH XBHJIBLOBOTO BEKTOPA
k . BuxopucroByrouu (1)1 (5), MoxHa mOBECTH ABI Ty’Ke BaXKIIMBI PIBHOCTI:

%Zexp{in(k—k’)}:dkk,, %Zexp{ik(n—n’)}:dm,. (9)
n k
3a I0IOMOror0 Hux (GOpMyJI MOXKHA 3HANTH 3BOPOTHE MIEPETBOPEHHS

A :%Zﬂ"un exp(-ikn) . (10)

Y TepmiHax HOBHMX KOJEKTHBHUX 3MIHHUX TIOTEHIIMHA ¥ KIHETUYHA EHeprii
KpHUCTalla MalOTh BUTJISL!

U =%m2a)2(k)AkA_k , K =%mZAA_k : (11)
IS
o’ (k) = o (-k) = PSS (12)
m 2

Jlarpanxian L Takoi cuctemu, ik MH 3HAEMO 3 TEOPMEXaHIKH, OYIyeThCs 3
KIHETUYHO1 1 TOTEHIIIMHOT €HEePT1ii:

L=K-U, (13)

3BiKM 3 ypaxyBaHHsaM (11) maeMo:



L =%mZ{AA_k -~ (K)AA,}. (14)

V3aranpHeHl IMIYJbCHM, TOB'A3aHI 3 KOJEKTUBHUMM KOOpAMHaTaMu A ,
3HAXOMATHCS 3BUYAHUM cIoco00M (Tpeba 3ralaTh TEOpEeTHYHY MEXaHIKYy):

P =£—mA_k. (15)

oA

SKI1110 BBECTH IMITYJIBC
pn = mun ’

NOB'SI3aHMM 31 3MILIICHHSM U, , TO 3 oy Ha (10),moxHa (15) Hanatu BUTISAAY

_ 1
R = JNZ p,expikn). (16)

aminpTOHIaH cucteMu H=K+U B TepMmiHax Yy3arajbHEHUX KOOPAMHAT 1
IMITYJIbCIB Ma€ BUTJISI;

H :%mz{pkp_k + P (K)AA,}, (16)

[lepexim 10 KBAaHTOBOI MEXaHIKM 3BOJMUTHCS 1O 3aMiHM B TIOMEPETHIX
dopMynax BeawuMH U, 1 p, omepatopamu 0, W P,, SKi 3aJOBOJBHIIOTH

KOMYTAI[IHHUM CITIBBiTHOIIICHHSIM
[0y, By = i5] a7

IIpu Takiii 3aMiHI BEIMYMH ONIEpPATOPAMHU ONEPATOPH y3araJbHEHUX KOOpAuHAT A

Ta IMIYyJIbCiB B, 3a/10BOJBHAIOTH, SIK HEBAXKKO IMEPEKOHATHUCS, KOMYTalLlHHUM
CITIBBIIHOIIIEHHSIM

| AR |=ing,,. (18)

@Oynkuist cymapHoi eHeprii H TOBHHHAa NEPETBOPUTUCA TEMEp B OMepaTop
["aminpTOHA

A= my{RP, +(KAA}, (19)



Bux 1mporo ramuibTOHMAaHA JAN€KWW BiA JlarOHAJBLHOTO BHY, BIACTUBOTO
omeparopy I'amibTOHA iA€aBHOTO Ta3y, JI0 YOr0 HEOOXiTHO MparHyTH, SIK yKe
HaMH HEOJHOPa30BO 0OroBoproBaiocs. [3 MeToro miaroHasnizaili raMiJibTOHIaHY
BBEJIEMO HOBI omepatop b, , b dopmymamu

>

A = ﬁ(k)(li%fk), = %(@*—&k). (20)

Bigznaunmo, mo B TepMiHAaX YyBEACHUX TAKUM YHHOM OIIEPATOPIB OMEPaTOp
sMimeHHs G, BignoBigHo 10 Gopmyi (7), (20)morxke OyTH 3anMCaHmid y BUTIISI:

6=y, mexp(ikn)(ﬁ( +6_+k). (2)

106 BUKOHYBAJIUCS CHIBBIIHOIIECHHS (18), HeoOxiaHO, 11100
3aJI0BOJIBHSUTHCS HACTYITHI KOMYTAIIii{Hi CITiBBiIHOIICHHS IS ONIEPaTOPiB b, , b

8.0 |=d0 BB |=0. (21)

[MincraBnsroun Bupaszu (20) B (19) i BpaxoByroUn KOMYTaIliliHi CITiBBiIHOIICHHS
(21), raminbTOHIaH B TEpPMiHAX BBEJICHUX HOBUX OICPATOPIB OTPUMAEMO Y
BUTJISII

H :Zhw(k){ﬁgti +%} 22)

TakuM 4MHOM, MU 3BEJIM BUXIJIHUNA KBAHTOBOMEXAHIYHUHN TaMUJIBTOHIAH 10
J1arOHANBHOTO BUIJIALY, YBIBUIM [0 pO3MNIALy HOBI omepatopu b, h'. Ll
OIIepaTOpH JII0Th Y TIb0EPTOBOMY MPOCTOP1 BEKTOPIB

‘...,I/k ,> (Wi o] ooV 1097 Fer

110 3aJIe)KaTh B1J] YMCEJT 3alIOBHEHHSI CTaHIB, SIK1 XapaKTepU3yHThCs BIIMOBIAHUMU
XBUJLOBUMHU BEKTOpaMU. XapakTep ixX Mii B IbOMY MPOCTOpPlI BU3HAYAETHCS
3akoHamu KomyTartii (21). A came, i omeparopu € ornepaTopaMu HapOHKCHHS Ta
3HUIIEHHS SIKUXOCh «€JIEMEHTApHUX» 00'€KTIB.

Enepriss ocHOBHOro cTaHy KpucTaldy H, BHU3HAYa€ThCSI BEKTOPOM CTaHY

BaKyyMy |O)

Ho=(0H[0)= Shao ) 0B 0+5 Thawk )= 53 ok ). 29



Enepris kpucrany B cTaHl ‘Vk> JAETHCS BUPA30M

H, :<vk\|3|\vk>=Ho+ukhw(k). (24)

Po3ristHeMo Ternep cepe/iHe 3HaUCHHS BeIWMYUHM U, BU3HAYEHOI BHUIlle (HOpMYII0I0
(20a). Ockinbku

<Vk\fl:\"k>:o’ <Vk\a<\'/k>:0’

TO 1 <I/k

a,

I/k>20. OnHak, cepelHe 3HA4YeHHs KBajpaTa oOIeparopa 3CyBY

BiJIMiHHE BiJ] HYJIS:

vV >:L+ L
K/ mNea(k)  &h2mNawK'’)

N2
un

(25)

i

Jpyruii 1o1aHOK y 1iK GopMyJIi XapaKTepu3y€e BHECOK HYJIbOBUX KOJHBaHb (KOJIH
BCi V| nopiBHIOIOTH Hymo). 3Hauenns K =0 Bigmosimae 3cyBy KpHcTana sk

isoro. IIpu bomy (k) =0. Iammmu cnoBamu, ipu K =0 konuBaHHS KpHcTaia
BIJICYTHI 1 Apyruii A0aaHOK B (25) MO)KHA OIYCTHTH.

OTxe, cTainioHapHi 30y/UKEHHSI KpUCTalla PO3MOIIIEH] 0 BCbOMY KPUCTATy
1 XapaKTepU3yIThCs XBHIBOBUM BekTOpoM K (a omke, kBasiimmysiabcoM 7K Ta
enepriero fic(k)). Lli 30ymKeHi cTaHM Ha3MBalOTHCSA (OHOHAMHU. 3TiHO BHpa3y
JUIS 9aCTOTH, CTAaHHU 3 XBUJILOBUMH BeKTOpaMu K 1 —K MaroTh OJHAKOBY €HEPTilO.

Ha pucynky 3o0paxkeHa 3aleXHICTh 4acTOTH (DOHOHIB BiJl XBUIHOBOTO
BEKTOpa y BIAMOBIAHOCTI 3 Bupa3zom (12):

(k) = a(—k) =2,/

m

(ka)

sin——=|, —-nmr<kasrm. (26)




3Haro4M 4acTtoTy (OHOHIB, MOxHa obumciautH (QasoBy U, 1 rpynoBy Ug

IIBUKOCTI BIMOBITHUX €IEMEHTAPHUX 30Y/KEHb!

J @zﬁ‘@ J Mﬁ
Pk k\m 2 " 9 dk m

: 271a
VYV HaOnamXeHHI JOBrOXBUJIBOBUX 30Y/IKECHB, ka=T<< 1, gigd nux BeIUYUH

(ka)

cos—.
2

OTPUMAEMO:

y 3B'SI3KY 3 UMM BHPA3 JJI YACTOTH B IIbOMY X HAOJIMKEHHI MOKe OyTH 3allMCaHUM
y BUTJIAIL

(k) = ku, .

JIOBroxBuiboBl 30y/UKEHHS MOXKHA pPO3TJSAATH K TPYXKHI KOJMBAHHA B
cepenoBuiii. IlIBumkicTe NPYyXHUX XBHIb (IIBUAKICTH 3BYKY) BH3HAYA€THCS B
MEXaHiIll BUpa3oM

Ue =, [—>
o,
ne E - momyns FOnra i p - ryctuna cepenosuma. Y Halmiomy OJHOBMMIPHOMY
BUIAAKy © =m/a, i moayas FOHra, 1o Bu3Havae BiHOMIEHHS cuii [ (un - un_l)

JI0 BUKJIMKAHOI HEIO BIIHOCHOI fiepopmartii (un - un_l) / a, nopiBHIo€
E=[a.

m

Otxe, po3rIsiHYTI HamMu 30y/KEHHS B JIOBIOXBUJIBLOBIM TpaHMIll 301raroThes 3
AKyCTUYHUMH XBWJISIMA B TIPY)KHOMY cepenoBHii. ToMy Taki 30y/KeHHS W
HA3WBAIOTHCS AKyCTHYHUMH (POHOHAMU.

Konu XBUIHOBHIA BEKTOP HAOJIMKAETHCS 10 MEXKi 30HU bpimmoena, ka — 77,
abo A - 2a, rpymoBa MBHUJAKICTH MNpsAMye a0 HyJs, a (a3oBa MIBUAKICTH
HAOIMKAECTHLCS 10 3HAYCHHS

TakuM 4nHOM,

2a |
- [ -
mym
Sxmo HeoOXimHO BIAINTH Big HAOMWKEHHS HAWOMIKYUX CYCIAIB, TO
NOTEHI1aJIbHa €HEPTis MOBUHHA OyTH 3aMicaHa y BUTJISAIL

p



U :%Zﬁl(un—un_l)z,

VY upoMy BUNAAKY, IEPEXOJISTUU JI0 y3aralbHEHUX KOOPAUHAT, MU 3HOBY MPUIIEMO
110 BUpazy

U =%m2a)2(k)A<A_k,

TITBKH KBAJPAT YaCTOTH Oy BXKE€ BU3HAYATUCS (HOPMYJIIOIO0
wz(k)ziz,ﬁlsinz%, | =la, 1=1,2,...N.
m=

VY cymi miil JocuTh ypaxyBaTH JeKiibKa MepuInx AoAaHkiB. Hanpuknaza, npu BaH-
Jlep-BaaibCiBChKil B3aemonii Mix atomamu 3 ~ Ba°/1°. Tomy Bxe npu | =2a
BHECOK 710 cymHu ckiagae 0,016 yacTuHM BHECKY MEPIIOTO JOAaHKY.



