Jlexmis Ned

BroprHHe KBAHTOBAHHA.
Oneparopy HAPOAKEHHA TA 3HUIEHHSA YACTHHOK.

[Ipu ommci KBAaHTOBHX CHCTEM 0OararbOoX 4YacTHHOK, 10 4YHCIA SIKHAX
BIIHOCATHCA ¥ KOHJEHCOBaHI CEpENOBHINA, JAOBOJUTHCSA MaTH CIIPaBy 3
aHCcaMOJISIMH TOTOXKHHMX YacTUHOK. JIJIT KBaHTOBO-MEXaHIYHOTO OIHUCY TaKHX
CHUCTEM MOKHA BHXOIWUTH 3 KBAHTOBO-MEXAHIYHUX CTaHIB OJHIET YACTUHKU. SIKIITO
IHIEKCOM i TMO3HAYHUTH CYKYITHICTh KBAHTOBUX YHCEI, IO XapaKTEPHU3YIOTh CTaH
onHiei vactuHky (e Moke OyTH, HANpPHKIAJ, IMITYJIbC YaCTHHKH Ta OAHA 3
MPOEKINiH ii criny, a00 MOBHUI MOMEHT YaCTHMHKU 1 HOTO MPOEKIliA Ha OYyIb-sAKY

BICB), TO, 32JIaBIIIM YMCIIO YACTUHOK N, 1[0 MAIOTh HaOip KBaHTOBHX uucel | (ado,

K KaXXyTh, YMCIO YaCTHHOK, IO 3HAXOMIATHCSA B 1HAMBIAyalbHOMY CTaHi i), MU
[IOBHICTIO BU3HAYMMO JIESIKWIl CTaH CUCTEMU TOTOXXKHUX YACTUHOK. Takuil CTaH 13

NEeBHUMH YHUCIAMH YaCTHHOK Ny pI3HMX IHAMBIAyaIbHUX cTaHax | (BOHH

Ha3uBarOTbHCA YU CJIaMH SaHOBHeHHH) IIO3HAa4Yar0TbCA CUMBOJIaMHU

‘---ni,---’nj ’Il>,

a MCTOJ OIIMCY CTaHIB CUCTCMHU, IIPHU AKOMY 3addr0ThCA 4YMUCIIa 3alIOBHCHHSA ni,

HOCHUTDL Ha3By M€TOAY BTOPUHHOI0 KBAHTYBAaHHA.

Axmo yactuHKM € 0030HaMH, TOOTO, MITKOPSIOTHCS CTAaTUCTUIN bo3e-

EitHiuTeiiHa, TO 4Yucia 3alOBHEHHS N MOXYTb NpuiMaTH Oynb-sfKi 3HA4Y€HH,



n =0,1,2,..; Ko X 4YaCTUHKMU € (epMIOHAMM, TO YMCJIa 3AIIOBHEHHS MOXYTh

npuiiMaTH TUTBKM JBa 3HadeHHs, N =0,1.
Cranu ‘...ni ool ,..>, Akl MU OyJIeMO MpPUIyCKaTH OpPTOHOPMOBAHHM,

YTBOPIOIOTH MTOBHY CUCTEMY BEKTOPIB Y T'1JIbOEPTOBOMY MPOCTOP1 BCI€T CHCTEMU

ZZ‘ B ! >< no,.n ‘= (1)
n n,

Jlns BU3HaUYeHHS B (popMatizMi BTOPMHHOTO KBAHTYBaHHS OIEPATOPIB, IO
BIJIMOBIIAIOTHh Pi3HUM (PI3UYHUM BEJIMUWHAM, YBOASTHCS 0 PO3TISAY ONepaTopu
HApOJDKEHHsT &' Ta 3HWINEHHS & YAaCTUHKU B CTaHi i. PO3IJISHEMO CIIOYATKY

/\+ ~

cUCTeMy TOTOXXHUX Oo30HIB. Omneparopu &  Ta @  BHU3HAYaIOThCH

CITIBBIIHOIIEHHIMU

I3 mux opmyn BUTIKaE, 110
At A

&34 |..n,..)=n|..n,.2, (3)
TOOTO, OnIepaTop é:é, € OIIEPaTOPOM YHKCJIa YACTHHOK Y CTaHi | .
I3 Bu3Ha4eHb (2) BUIUTHBAIOTH YMOBH KOMYTAIIil TS OTIEpaTopiB & , éf
(4.8 ]=38-3%2=9.[a.5]=[4.9]=0 (@)
CTaH, B JAKOMY BCl UMCJIa 3alIOBHCHHS I[OpiBHIO}OTL HYJO, HOCUTb Ha3BY

cTaHy Bakyymy. Moro 3a3Bruuaii mo3Ha4aroTh CHUMBOJIOM ‘O> . OueBuHO, 110

410=0, &|0)=|..1,.).

3BiJICH BUILJIMBAE, 1110 BEKTOPHU THUITY ‘...ni ool ,..> MOXYTh OyTH MOOYAOBaHI J1€10

OIepaTopiB HAPOIKEHHS HA CTaH BaKyyMy

0= Ly )_1/2 ..(“gf)ni (Ag“’)nj e (5)

Jc



Sxmio migcTaBuT Bupas (5) B yMOBY MOBHOTH, OTPUMAEMO

Zw; 2.8 -8,

in

10(03, .a=": (6)

VY takoMy BUIIIAI yMOBa MOBHOTU Oynae crnpaBeqiuBa 1 Jjisi (epMioHIB. 3pydHO

TAKOK BBCCTH B PO3IJIsA[] BEKTOPH CTaHIB

iy ) =47 .87 O,

Yy TCpMiHaX SAKHUX MOXKEMO 3alliCaT YMOBY IIOBHOTH,

sz iy )iy eeda| = (7)

in

1 YMOBH OPTOHOPMYBaHHS

iy, 1) = 0w D0y Oy, (8)

JIe TICYMOBYBaHHSI TIOITUPIOETHCS HA BC1 TEPECTAHOBKU MITPUXOBAHUX 1HIACKCIB.

JIOBUTbHUM BEKTOP ‘lﬂ> MO>Ke OYTH PO3KJIaJeHHH 1O I1iii cucTeMl BEKTOPIB

)= 3t T T i)

in

e
Wlipyoodn) =(osedn|90)
1
N,Z Z\w b)) = 1 €)
OyHKIIISA l/l( Iy ) IO € TPOEKIIIEI0 CTaHy ‘l/l> Ha CTaH ‘Il, A >, € XBHJILOBOI

¢yHKIielo cuctemMu (3 HEBH3HAUYEHUM YHMCIOM YAaCTHHOK) B | TIPEICTABIICHHI.

Bemmuun x



1 i i
mg%\w(um)\

€ UMOBIPHICTIO TOTO, IO CUCTeMa MICTUTh N YacTHHOK.
Hanani BaxJmBy poJib OyIyTh TPaTH IMITYJIbCHE i KOOPJWHATHE YSBJICHHS.

XBUJIbOB1 (HyHKITIT lﬂ(pl,...,pN) (N =0,1,2,..) cucremu 3 BEKTOPOM CTaHy ‘lﬂ>, B

IMITYJIb,CHOMY TIPECTaBJICHH] BIJIMOBIIHO IO BUIIEBUKJIAIEHOTO MAalOTh BUTJIA/L:

¢(p,.-py)=(04, -8, |¢).

CeHc omepartopiB é;, ép KOJIMIIHIA - 1€ ONepaTOpPH HApOJKCHHS (3HHUIICHHS)

YaCTMHKH B KBAaHTOBO-MEXaHIYHOMY CTaHl 3 iMmyiabcoMm P . Crif 3a3HauuTH, L0
nis omeparopa a° Ha BEKTOP \n> BIIMOBIZIa€ JIii orepaTropa Ha BEKTOP <n\
Haramaemo Takox, 110 iMITYJIbC YaCTUHKH P TpUKMa€e TUCKPETHI 3HAYCHHSI, SKIO
00'eM cHCTEMHU KIHIIEBHIA.

BignoBigHi  XBWIBOBI  (PyHKIII B  KOOPJAUHATHOMY MPEACTaBICHHI

BU3HAYAIOTHCA (hOpMyIaMu:

1 I*( Xyt HPNX )
W (00 = i 2 Yy, py)e T = (XX |,
p

1---PN

Jc

|Xp, oo Xy ) =07 (%) 0" (%) O (10)

Tyr ¢ (X) ,lﬁ(x) - oTIepaTOpH HAPOPKEHHS 1 3HUIIICHHS YaCTUHKHU B ToUlli (iX mIe

HA3UBAIOTh MTOJILOBUMH ONIEPATOPAMH)

g(x)=viNae, gr(x)=viy aer (11)

BuxopuctoByroun HaBel€HI BHILE KOMYTAI[iHI CHIBBIJHOLIECHHS, HEBAXKO

NEPEKOHATHUCS B CIIPaBEIIIUBOCTI (popMyI



[(x) " (%,)]= (%, =), [@ (%) (x,)]=[&" (x.) & (x,)]=0.

Jlo cux mip MM MajM CIpaBy 3 CUCTEMaMU TOTOXKHHMX OO030HIB. Ajie BCl
3100yTi OCHOBHI (hOpPMYJH crpaBemIuBi 1 st GepMioHIB. MU TOBHHHI TUTHKU
MaTH Ha yBa3l 1HII YMOBHM KOMYTAIlii JJIS ONEpaToOpiB HAPOJKEHHS 1 3HUIICHHS

dbepmioHiB:

(a.4)=ag+32=9.{a.a}={5.9}=0

BuxopucroBytoun  Bu3HaueHHs ~ (11), wmoxHa ~ OoTpUMaTH  KOMYyTaIliliHi

CITIBBIIHOIIEHHSI 1 IJIs MOJBLOBUX ONepaTopiB (hepMiOHIB:

{@ (%) (%)} =0 (x,=%,), {1 (x,).0 (x,)} ={&" (x,) & (x,)} =0.

JlomaMo TakoX, 110 0 CUX Mip MU BBAKAJIA YACTKUA OECCIIHOBUMI, OHAK HEBAYKKO
BpaxyBaTH B MOJaHHI BTOPUHHOTO KBaHTyBaHHS 1 ioro. s mporo tpeda BBECTH
omnepaToOpyu HAPOHKEHHS 1 3HUIIIEHHS YaCTUHKU B TOYIll X 13 JJAaHOI MPOEKIIE O

(-S< o< S)ii cniny Ha AKy-HEOYIb BiCh:

g, (x)=v"y apae;"x L g (x) vy agge'%"x .y
p p

Omneparopu (pi3MYHNX BeJTUYHH.

Busznaunmo Temep omepaTopu OCHOBHHX (DI3MYHUX BEJIMYMH B MOAAHHI

: ~r A
BTOPUHHOI'O KBaHTYBaHHS. OCKUIBKU (X),lﬂa (X) € ONepaTopaMu HaAPOHKCHHS
Ta 3HUILEHHS YAaCTUHOK B TOYIl X 3 MIPOEKIIE€0 CHiHYy O, JEerko BUIHCATH

A~

o1IcpaTop 4Mucjia 4aCTUHOK N :

N = [ d*; (x)&, (x) (12)
(3a mOBTOpIOBaHMMH iHIIEKCAMU O MA€EThCS Ha yBa3i MijicyMoByBaHH:). Oneparop

CIIIHY S B 1IbOMY IOJIaHHI MOKe OyTH 3alTMCaHUM Y BUTJISAI



S= [ a4, (X)S,0 00, (X).

B ocraHHBOMY BUpas3i BeIM4MHA S, , € BEKTOPOM CMIHOBHX MaTpuilb. Hanpukaz,

I CIiHy S= > 1151 BeIMuMHa € HabopoM MaTpuib [ayii:

01 0 —i 1 O
(l): (2): (3):
7 [1 o]’ ’ [i o]’ 7 [o —1]' (13)

Omnepatopu IMIOyJbCy Ta ONEPATOp OpPOITAJLHOTO MOMEHTY Jal0ThCA

BHUpPA3aMHU:

B0 () 2 B ) @

i = (e 0 ()] x 2 - x 2l
Mi - Zjd )Guklwa(x){)faxk )ﬁ a)q }wa(x)’

ne &, —abCoMI0THO aHTUCUMETPUYHMNA TEH30p, TaK 3BaHui cuMBol JleBi-UusiTu.

~

l'amineToHian H cucTeMu B BUIAJKY MApPHOTO B3aEMOJIT MK YaCTHHKAMU

BHU3HAYAETHCS (POPMYTaMHU:

H=H,+V, HAO:_ d3 A+(X)Dl/’)0(X), (15)

7e M - Maca YaCTHHKH.

Y nmnomaHHI BTOPMHHOTO KBAHTYBAaHHS 3pY4YHO OINUCYBATH KBAHTOBO-
MEXaHI4HI CUCTeMHU 0araThbOX YaCTMHOK. BHUKOPUCTOBY€ETHCS BOHO MEPEBAKHO 1 B
KBa319aCTUHKOBOMY MIIXO/I1 IO OMUCY MPOIIECIB 1 ABUIL y (i3ULll KOHJEHCOBAHOTO

CTaHy.



Sk yxe 3ragyBaniocs, P OMUCI CUCTEM 0araThOX YaCTUHOK JOBOAHUTHCS
MaTH COpaBy HE 3 UYHUCTUMH, a 31 3MINIAHUMU CTaHAMHU. 3Ba)KalOUM Ha IO

00CcTaBUHY HEOOX1JHO BUKOPHUCTOBYBATH MOHATTS MAaTPUIIl TYCTUHU O
=Y |mw,(n. (16)
n
bepyuu 1o yBaru, 1o BeKTopa CTaHiB \n> 3aI0BOJILHSIOTH piBHsAHHS [Ipeninrepa
0 ~
in—|n)=H|n), (17)
ot
JIETKO OTPUMATH U PIBHSAHHS, IKOMY 33JI0BOJIbHSIE MATPUIIS TYCTHHH
.0 .. 0 .0
Ih—p= 1i—[n ni+ > IMw h—(n.
2 p= it ) o (o + X2

[Tomiuaroun, 110

.0 A
h—n|=—(n|H
2 (o] =~
it BukopucroByrouu (17),3m00ynemo
00 2
|hE—[H,p]. (18)

Ile piBHsHHS Ha3uBaeThcs piBHAHHAM JliyBiisi (a00 KBaHTOBUM PiBHSAHHSAM
JliyBisuis, a6o piBHssHHAM (pon Helimana).

Kozed Jiysimab (bp. Joseph Liouville24 6epesns 1809— 8 Bepecus 1882 — dpanmy3pkuii
maremaTuk. (BIKITIELS).




CucreMaTUYHO JOCIIKYBaB PO3B'SA3HICTh HU3KH 3a]1a4, AAaBIIU CTPOTE O3HAYCHHS MOHSATTS
eneMeHTapHoi QYHKINI 1 KBaapaTypu. 30KpemMa, TOCTIKYBaB MOKIUBICTh IHTETPYBaHHS
3agaHoi GpyHKuii, anreOpaiuyHoi a00 TpaHCIIEHAEHTHOI, B €JIeMEHTapHUX (YHKIIAX, 1 PO3B'SI3HICTD
B KBaJ[parypax JiHIMHOTO PiBHIHHSA 2-TO MOpsAAKY. JloBiB, 1o crerianbHe piBHAHHS PikkaTi
IHTErpyeThCs B KBAApaTypax TUIBKU B TUX BUIIAAKAX, sIKi OyJIu po3TIsHYTI paHime 1me bepHysui.

Teopema JliyBijjisi — KJIr04oBa TeOpeMa raMiJIbTOHOBOI MEXaHIKM 1 KIACHYHOI CTaTUCTHYHOI
¢izukn. 3rigHo 3 Hew, GyHKIiS po3moainy (CyCTHHA HMOBIPHOCTI) TaMiJIbTOHOBOI CHCTEMHU
3aJIMIIAETHCS CTANOI0 B3JIOBX Oynb-sK0i TpaekTopil y ¢a3zoBomMy mpocropi, TOOTO, JOBUIbHA
obacTh (ha3oBOro mpocTopy 30epiraTume cBiit 00'eM MpU €BOIOLIT TaMITETOHOBOI CHCTEMH.

Jxon ¢on Heéitman uu /Izkon ¢on Hoiiman (anra. John von NeumannHeiiman SIHom
Jaiiom (yrop. Neumann Janos Lajp#lorann ¢on Hoiiman (zim. Johann von Neumani28
rpyaas 1903— 8 mrororo 1957 — amepukaHCHKHN MAaTEMAaTHK YIOPCHKOTO TMOXOKECHHS, L0
3poOWB 3HAYHWI BHECOK y KBAHTOBY Gi3uKy, (DYHKIIIOHAIBHHWHN aHami3, TEOPil0 MHOXHWH,
iHhOpMATHKY, EKOHOMIYHI HAYKH Ta B 1HII YMCIEHHI PO3JLIM 3HaHb. BiH cTaB 3aCHOBHHUKOM
Teopii irop pasom i3 Ockapom MoprenmitepaoM y 1944 pori. Po3pobus apxitekTypy (Tak 3BaHy
«apxitekTypy ¢(oH HelimaHa»), sika BHKOPHCTOBYETbCS B YCIX CYYaCHHX KOMI'TOTEPAX.
(BIKITIEJIL)

PiBusinus ¢pon Helimana — piBHSHHS KBAaHTOBOI MEXaHIKH, 110 OMUCYE €BOIOIIO K YHUCTHUX,
TakK 1 3MIIIAHUX CTAaHIB KBAHTOBUX raM1JIbTOHOBUX CHCTEM.

KBaHTOB1 BIJKpUTI, JUCUIATHUBHI W HETaMUIBTOHOBI CHUCTEMH OIUCYIOThCS

piBHHHAM JliHa0Ma1a, YaCTUHHUM BHUIIQJIKOM SIKOTO € piBHSAHHA QoH Helimana:

in%2=[H,p]+ W ﬁmﬁ-%{ﬁﬁ,p}

ot
e {&,b} =ab +ba — anTHKOMyTaToOp, H — ramMijbTOHIaH CHCTEMH, IO OIHCYE
yHiTapHi acmektd aumHamiku, a L,L" — mHaGip omeparopiB crpuOKiB, 10

OMUCYIOTh AUCHUIIATHBHY YaCTUHY NuHaMiku. PopMa orepaTopiB CTPUOKIB OIHUCYE,
SIK CepellOBHILE i€ HAa CUCTEMY, 1 B KIHIIEBOMY paxyHKYy MOBUHHA OyTH BH3HaueHa

3 MIKPOCKOMIYHMX MOJeNel IOUHAMIKM cucTtemu-cepenosunia. Hapemri, ), =0



HA0OpOM  HEBIM €éMHUX  KOEQIIIEHTIB, SKI  HA3UBAIOTHCA  KoedillleHTaMu

nemndysanus. Skmo Bci), =0, To oTpumyemo piBHSIHHA ¢(oH Heiimana mo e

KBAaHTOBUM aHAJIOTOM KJIACHUYHOTO piBHAHHA JI1yBiss.

3Har0ud raMuUIbTOHIaH CHUCTEMHM, 1 BMIIOYM PO3B’ SI3yBaTH 1€ PIBHSIHHS, MU
3MO’KE€MO B IPUHILIUIIOBOMY BITHOILIEHH] OMUCATH MOBEIIHKY CHCTEMH B Yaci.

AJie 11e piBHSIHHS, OCKIJIBKM BOHO € Tu(epeHIliaJbHUM PIBHIHHSAM MEPIIOTO
HOPSAIKY 3a 4acoM, Tpeda 3a0e3MeYnTH «I0YaTKOBOIO YMOBOIO». Y I imocraci
3a3BUYail BHKOPHUCTOBYIOTH TaK 3BaHE EProJW4yHe CIIIBBIJHOMICHHS. BoHO
BiloOpakae MpocTHil 1 ssCHUM ¢akT, Mo Oyab-siKa 130JbOBaHa CUCTEMa, OyAydu
HaJaHa cama coO0l, B pe3yJbTaTi €BOJIOLII MpHiie 10 CTaHy CTaTUCTUYHOI

piBHOBaru

p(t) - w,

CraTucThuHa piBHOBAra OMUCyeThes po3noziiom ['166ca W:

1/~ = -
W=exp{Q—?(H—uP—,uN)}, (29)
ne Q - BeMUKUIl TepMOJUHAMIYHUI MOTEHIIIaM, SKUH BU3HAYA€THCS 3 YMOBH
Spw=1, (20)
a BenmunHA 1 (Temmepatypa), U (cepemHs MBUAKICTh CHCTEMH SIK LIJOT0) 1 U

(xiMIYHHIA TOTEHITIAJT) ITOBUHHI 3HAXOUTHCS 3 PiBHSHb:

Spwf—lz W, Spw5= P, SpWNz N, (21)

ne W - moBHa eHeprist cuctemu, P - cepenniil iMmynbc cuctemu sk mijgoro i N -
MOBHE YHMCJIO YaCTHHOK B cucteMi. OmepaTopu BIAMOBITHUX (DI3UYHUX BEJIUYHH
HaBeE€H]1 HAMU BUIIIE.

PiBrstaast (19) - (21)moBHICTIO BU3HAYAIOTH TEPMOIMHAMIKY CHCTEMHU.



